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BENDING-TORSION FLUTTER CALCULATIONS MODIFIED 

BY SUBSONIC   COMPRESSIBILITY CORRECTIONS V 

By I.   E.   G&rrick' 

SUMMARY .   .    " 

A number of calculations of bending-torsion wing 
flutter are made at two Mach, numbers,  M = 0  (incom- 
pressible case) and M = 0.7,  and the results are com- 
pared.  The air forces employed for the case of M-= 0.7 
are based on Prazer's recalculation of PossioTs results, 
which are derived on the assumption of small disturbances 
to the main flow.  For ordinary wings of normal density 
and of low bending frequency in comparison with torsion 
frequency, the compressibility correction  to the flutter 
speed appears^to be of the order of a few percent; whereas, 
the correction to the flutter speed for high-density wing 
sections, such as propeller sections, and to the wing- 
divergence speed In' general may be based on a rule using 

the  (l - M2) '   factor and, "for M = Q.7,  represents 
a. decrease of the order of if percent. 

INTRODUCTION 

The question of the Influence of the compressible 
properties of a gas on wing flutter is,,of course, 
directly tied to the primary problem of determining the 
air forces and moments on oscillating airfoils moving at 
high forward speeds. 'This problem has been attacked by 
Possio (reference 1), along lines indicated by Prandtl, by 
a procedure utilizing the pressure or acceleration poten- 
tial and 'the method of linearization of the., equation sat- 
isfied by the acceleration potential for small disturb- ' 
arice-s ' to the main flow.  A review .and summary "of Fd'Ssio's 
work with certain simplifications have been given by 
Frazer (reference 2).  Frazer and Skan (reference ~5) 
listed improved numerical tables of Possio's results and 
made some numerical applications to the flutter problem. 



""MCA TN NO . lOjij. 

It appeared worth while to perform additional cal-   .' 
culatlons along similar .lines utilizing the notations and 
parameters more familiar in this country..  The present 
report has for its limited objective the reporting of the 
results of  a number of pertinent calculations on bending- 
torsion flutter txxr  a stream Mach number M = 0.7  and 
the comparison of-these results with those given in refer- 
ence 1+ for the incompressible case based on the Theodors-en 
theory (reference 5)« 

The numerical accuracy of the results of—Posslo's 
•theory and method deteriorates as M  approaches unity 
and as the frequency increases.  It-has been estimated 
that the theory is not safely-atsplicable much beyond M = Q-7J 
nor at M = O.f  for values of the reduced frequency k 
much beyond 1.  Thus, the transonic or supersonic ranges 
of speeds are not considered in the. present^ paper.  The 
purely supersonic case for small disturbances is also 
"tractable and flutter calculations for this case are being 
prepared. 

PROCEDURE 

"n the idealized case of a wing with two degrees of 
freedom, wing bending and wing torsion, and based "on t*o- 
dimeriiäional air forces, the determinantal equation yielding 
the flutter condition may be written' in the form (refer- 
ences 4_ &nd  5) 

*n 

R aa 

R ca 

-t- II 

+  il 

aa 

ca 

Rah^tl II ah 

j^ch + II oh. 
= 0 

The two real equations contained in the complex 
determinant may yield in any given problem the two 
unknowns, flutter speed and flutter frequency. 

Expressions for the R's and I's in the incompressible 
case  are listed following the definitions of the various 
symbols in the appendix, and the e-valuation of the terms 
is facilitated by the use of table i.  In the compressible 
case the.R's and I's are expressed in terms of-the nota- 
tion of Frazer and Skan (reference $), sind  table I.I..rcp/i-_. ^ 
tains values for M = 0.7. 
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Instead of a direct solution of the flutter speed 
and flutter frequency for a case in which the wing struc- 
tural parameters are given> it is more convenient to solve 
for the parameter Cü^/ü^  (.the ratio, of frequency in 
bending to frequency in torsion) whicir belongs to the 
border-line case of flutter for a definite chosen value 
of the parameter l/k.  The e-liminatian of X from the two 
equations contained in the determinant yields a quadratic 
equation in  (wh/^a)^ from which cüh/cüa- may be found 
and, subsequently, X may be evaluated; and X,together 
with the given value of l/k, determines the flutter speed 
and frequency.  It is convenient first  to perform the 
calculations for the compressible case with M = ~Ö~.7  &ncl 
finally, in order to furnish the desired numerical com-_ 
parisons, to perform the calculations for the incompressible 
case  (M = 0)  utilizing the given structural parameters 
and the derived values of the frequency ratio u>'&/<öa, 

RESULTS AND DISCUSSION 

The main numerical results are summarized in table III 
and are shown plotted in figures 1 to I4..  (No tabular 
values are included for fig. I4..) .The or.dinate in the 
figures is the flutter-speed coefficient  v/bü)a where bcoa 

represents a convenient reference speed.  The absci~ssä~rs 
the frequency ratio ii>-^/u>a. 

The parameter K    may be considered to determine the 
wing density at a given altitude; thus,  K = O.025  rep- 
resents the highest wing density used and  K = 0.2  the 
smallest.  Alternatively, the change in K     may be inter- 
preted to represent a change in altitude for a given wing, 
and a change from K =  0.10  to K =  0.05 may be con- 
sidered to represent an.altitude change from sea level 
to an altitude at which p  equals one half the density 
at sea level, or approximately 18,000 feet.  The normal 
drop in sonic speed with altitude should be taken into 
account in interpreting M = Y.  (see reference 3> fig. 2). 

c 
The examples treated may be further classified by values 
of the parameter  a representing j?ositions of the tor- 
sional elastic axis; thus,  a = -Ö.I4.,  a = -0.2,  and a = G 
represent, respectively, elastic axes at J>0  percent, 
J+O percent, and 50 percent chord from the leading edge. 
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Also  XQ, = 0.2 represents a position of the center of 
gravity 10 percent of the chord behind, the el&stjrc axis. 

The figur-es show flutter curves calculated for the 
two values  (M- = 0  and F - 0.7)  representing respec- 
tively a low-suesd or incompressible case and a high- 
speed or compressible case.  For "the usual circumstance 
of low values of the frequency ratio  w^/cOa,  the effect 
of compressibility- on the' flutter speed is seen to be 
relatively small•   for the lower wing densities, the effect 
is a asiall increase, whereas for the highest wing density- 
used the -effect is a small detrimental one. 

Por the divergence speed (frequency &> —-?0)  the 
formulas of the static case are applicable and the slope 
•if the'lift curve increases according to. the Glauert- 
Prandtl rule, which yields the approximate formula 

For very heavy wings  (K—>0)  the values of  l/k 
for flutter approach <»•  that "is:;" the low frequency or 
tfro static case is approached and the  (l - M^) '        rule 
Riven "in reference I4. appears applicable.  The. empirical., 
formula for the flutter speed of reference 1; (p. 17). 
which -is valid for high wing density and law values 
of (£>y^/(ha,     may be modified to read 

bwrt 
(l - &f 

Since   the. slope of   ttn? lift   curve  does  not  increase  in 
accordance "with the  Glauert-Prandtl formula beyond a 
certain value of    M <  1,     the  formula  is   clearly 
inapplicable  beyond  a  certain value of    M.     This  value 
may be   taken roughly to  be  in'the  order of    & F...Q'l 
to    0.75«     For    M = 0.7,     the formula "indicates  a decrease 
in  the flutter   speed of   approximately  17   percent. 
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The effects of internal damping and of the modes of 
vibration have been omitted in the calculations.  Inclusion 
of these effects would tend to reduce further the differ- 
ences between the numerical results for the compressible 
and incompressible cases.  This statement is borne out by 
the results of reference 3 for a tapered wing. 

Calculations for a wing with an aileron cannot be made 
by the method of reference 1 without very extensive" and  
difficult computations.  It may also be remarked .that the 
numerical tables of references 1 and 3 show the' need of 
additional extensions and recalculations. 

CONCLUDING REKüHX 

The.main conclusion  to be derived from study of the  ^v- 
numerical flutter calculations is that the effect of com- 
pressibility on the flutter speed (wing bending - wing 
torsion, no aileron) for subsonic speeds with no shocks, 
although complicated, is relatively small in the usual 
cases and,for a Mach number of  0.7  can be allowed for 
by corrections of small order to the incompressible-case 
results. 

Langley Memorial Aeronautical Laboratory 
National Advisory Committee for Aeronautics 

Langley Field, Va., December 18, 1945 
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APPENDIX 

SYMBOLS AND NOTATION 

b   '"-half-chord uged as reference unit- length 

a      coordinate of axis of rotation (to~rsional axis) 
measured from midchord (reference lj.) 

P air  density 

K ratio  of mass  of  cylinder  of  air of  diameter  equal 
to   chord of  wing  to mass  of wing,   both   taken 
for  equal  length  along   sp^$; ^hi-3  ratio  may be igCh  along   spSP;   this  ra1 

expressed as     it  = 0.24 \1L~} (o~~)>     where    ft 
Is  weight-in  pounds  per  fool^span,     b    is  in 
feetr— and    p/p0     is ratio  of actual air density 
to   standard  density at   sea  level 

xa location  pf^ center  of  gravity of airfoil measured, 
from     a     (reference  1;) 

ra radius  of  gyration of airfoil referred to    a   - 
(reference J4.) 

u>a       .._   natural angular  frequency of  torsibnal  vibrations 
around     a     in  vacuum 

°°h       —natural  angular frequency of wing  in bending in 
vacuum 

v speed of forward motion 

c speed of   sound  In undisturbed medium                     ^ 

M  Mach number     (v/c) 

Vf flutter or. critical speed            :.. . ..:::.,- .r, 

(0 -angular frequency of wing vibrations 

k reduced frequency i  —J 

P and 3 functions of  k  (see references 1+ and 5) 

\   =  2k   -        •—    ••-  
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In each, of the following formulas the incpmpressible- 
case formula la listed first in the notation of references ij. 
and 5 followed by the conversion of the formula to make 
use of the notation and numerical tables of reference 3• 
(See tables I and II») 

Raa - ^ax 
a 

3 f*)* .2    Jk2 

= O X rq2 t k 
K  + k2 &[*,'*Qt + *){«i+ **-**% + t2Ml 

Rah - 
x a      /l   \ 2G 

k2 
Mi - f + a Z- 

R ca 
"va '     / l 

y k   k2 

a 
2 Zl 

Rch * ^h* ^"6 + f 
i + A. z 
*   ^2 Zl 

•aa 
2P + - a 

+ Zi. - 2*3- 
+ 5?"2 
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where 

•ah 

= ^[M2-I(l +-a 1 Z 

ca 
1 
k f +(M-- 

7 (z^ ^Z2 
/ 

Ich = t2* 

k I
Z2 

^a* 
r  2 /t>„\2 a 

CO 

r> >hX  = K  V   0)   / 

°h   =1 0)„ 
a 

2 
X  = 

a oay 
K      V CÜ 
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The  functions   tabulated Tor   convenience   in  tables  I 
and II   are   the  primed quantities   given  in  the  following 
definitions* 

r  2 

_ -"-a Rah - Rah'   ~  ~^~ 

xa Rca _ RcaT   - ~ 

Feb. = Kch'   + ^hx  --K 

^aa ~" ^ ^aa' 

^ah _ ic  -^ah' 

T =   —•   T        » ca      k     ^a 

^-ch       v  -'-ch' 
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TABLE III 

NUMERICAL RESULTS 

[ra2 = 0.25;     xa=0.2] 
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TABLE HI   - Concluded 

NUMEftlCAL RESULTS  - Concluded 

JrQ2 = 0.25i     xa = o\z] 

0.200 

0.100 

0.050 

0.025 

H = 0.7 

-iA «"h/fa W/BU v/btoz IA «>h/ka 

& = 0 

- 1.150 1.000 
1.500 .600 
2.000 • 343 
2.000 1.466 
2.500 .126 
2.500 1.518 
3.333 1.570 
5.000 1.590 

., 2.610. 0 
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2.000 
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2.500 
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5.000 
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1.617 
1.764 

.380 
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i.204 
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• 375 
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.340 
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.906 
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.458 
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2.141 
1.605 
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m 
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1.870 

m 
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2.450 

0.12 
•85 

I.23 

I'll 

1,48 

1.43 

1.76 

2.17 

2.38 

1.68 
1.43 
2.15 
2.60 
2.74 

3.60 

5.91 

2.36 
2.31 
5.21 
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I'll 

1.000 
.600 
•345 

""126 

0.515 

•375 

.174 

0.700 
1.092 
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""l47 

0.797 

•545 

ü>/ua 

1.16 
.90 
•77. 

.70 

.69 

O.85 

""74 

"764- 

"iö" 
0.90 
1.21 

.78 
1.15 

.66 

~55 

• 51 

0.90 
•97 
.71 

• 57 

"42 

v/btoa. 

0.14 

A 
1.01 

1.02 

1.18 

1T29" 

1.40 

1.45 

1.51 

i:S 
f:fi_ 
1.96 
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Figure  1.- The  flutter coefficient     v/bua    against  frequency 

ratio   w^/ai^     for  various  values  of    C    for    M ~ 0    and 

M Z 0.7.     Elastic  axis  at 30 percent  chord;     r2  - 0.2§; 

a  s  -0.4;     xQ 0.2. 
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Figure 2.- The flutter coefficient  v/bua against frequency 

ratio «Jh/u^ for various values of C for H Z  0 and 

M " 0.7. Elastic axis at 40 percent chord;  ra
2 = 0.26; 

a ; -0.2; x    z  0.2. 

1.4 
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Figure 3.- The flutter coefficient  v/bu>a against frequency 

C     for    M  z 0    and 

0.25; 

ratio   &Jh/wcr    **01"  various  values  of 

© 

Mr 0.7.     Elastic  axis  at 50 percent  chord;     ra
2 

a  r 0;     x    r 0.2. 
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Wh/W 
Figure  4.- The   flutter coefficient     v/bu„    against  frequency 

ratio   üih/cüa    for  two  values  of    C    for    M r O    and    M = 0.7, 

Elastic  axis  at 30 percent chord;     1*^2  z 0.25;     a  :  -0.4; 

*«  =  0.1. 
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